A nano-scale metallic grain in which the single-particle dynamics are chaotic is described by the so-called universal Hamiltonian. This Hamiltonian includes a superconducting pairing term and a ferromagnetic exchange term that compete with each other: pairing correlations favor minimal ground-state spin, while the exchange interaction favors maximal spin polarization. Of particular interest is the fluctuation-dominated regime where the bulk pairing gap is comparable to or smaller than the single-particle mean level spacing and the Bardeen-Cooper-Schrieffer theory of superconductivity breaks down. Superconductivity and ferromagnetism can coexist in this regime. We identify signatures of the competition between superconductivity and ferromagnetism in a number of quantities: ground-state spin, conductance fluctuations when the grain is weakly coupled to external leads and the thermodynamic properties of the grain, such as heat capacity and spin susceptibility.
I. INTRODUCTION
Advances in nanofabrication techniques in the mid1990s have made it possible to study the properties of individual ultra-small metallic grains with linear dimension of several nanometers (see Ref. [1] for a review). Discrete energy levels of such nano-scale grains were measured by single-electron tunneling spectroscopy [2] [3] [4] . Grains made of various materials have been studied, probing different regimes of electron-electron interaction and spinorbit scattering. Recent experimental techniques allow for better control of the shape and size of the grain [5] .
Superconductivity in bulk metals was explained by the Bardeen-Cooper-Schrieffer (BCS) mean-field theory [6] . Superconducting correlations in a finite-size system are characterized by the ratio of the bulk pairing gap ∆ to the mean single-particle level spacing δ. BCS theory is valid in the bulk limit ∆/δ ≫ 1 but breaks down in the fluctuation-dominated regime ∆/δ 1. In the first spectroscopy experiments on metallic grains [2] [3] [4] , both regimes were accessed by studying aluminum grains of different sizes. A pairing gap was observed in the excitation spectra of the larger grains with an even number of electrons. However, in the smallest grains, such a pairing gap could not be resolved. These experiments generated much interest in superconductivity in finite-size systems and, in particular, in the fluctuation-dominated regime. It was proposed that pairing correlations in the fluctuation-dominated regime can be observed through the number-parity dependence of thermodynamic observables such as the heat capacity and spin susceptibility [7] [8] [9] [10] . For example, the spin susceptibility of an odd grain exhibits a re-entrant behavior (i.e., a local minimum) as the temperature decreases [7] .
The linear size of the ultra-small grains studied in spectroscopy experiments is typically smaller than the mean free path of the electrons inside the grain, and the singleparticle dynamics are dominated by scattering from the boundaries of the grain. In grains with irregular boundaries, the single-particle dynamics are chaotic. A characteristic energy scale in such grains is the Thouless energy E Th , which is determined by the time required for an electron at the Fermi energy to cross the grain. Energy spectra of chaotic grains fluctuate from sample to sample. In an energy window of width E Th around the Fermi energy, the statistical properties of the single-particle energies and wave functions are described by random-matrix theory (RMT) [11] [12] [13] [14] .
When the dimensionless Thouless conductance g Th = E Th /δ is large, a metallic grain with chaotic singleparticle dynamics is described by the so-called universal Hamiltonian [15, 16] . The single-particle part of this Hamiltonian follows RMT, while the interaction is composed of three universal terms: a classical charging energy term that depends on the capacitance of the grain, a BCS-like pairing term (which is suppressed in the presence of an external orbital magnetic field), and a spin exchange term (in the absence of spin-orbit scattering).
The single-particle part of the universal Hamiltonian and the pairing term favor minimization of the total spin, while the ferromagnetic exchange term tends to polarize the grain. In the bulk limit ∆/δ ≫ 1, the ground state for an even particle number is either completely paired or completely polarized, depending on the ratio J s /δ, where J s is the spin exchange coupling constant. There is a first-order phase transition between the superconducting and ferromagnetic phases, whose signature is the macroscopic onset of magnetization due to the Stoner instability. In a finite system, there is strictly speaking no phase transition, and the ground-state spin of the grain increases stepwise as a function of J s /δ [15, 17] . In particular, in the fluctuation-dominated regime ∆/δ 1, there is a region in the ground-state phase diagram where the electrons in the grain are partly paired and partly polarized, i.e., superconducting and ferromagnetic correlations coexist in the ground-state wave function [17, 18] .
Here we discuss various signatures of the competition between pairing and exchange interactions in ultra-small metallic grains that are described by the universal Hamiltonian in the absence of orbital magnetic field and spinorbit scattering [17, [19] [20] [21] .
The outline of this paper is as follows. In Sec. II we discuss the universal Hamiltonian and its general solution. In Sec. III we describe the ground-state phase diagram of the universal Hamiltonian with an equally spaced single-particle spectrum [17] and discuss mesoscopic fluctuations of the ground-state spin. In Sec. IV we discuss signatures of the competition between superconductivity and ferromagnetism in the mesoscopic fluctuations of the linear conductance of a grain that is weakly coupled to external leads [19] . In Sec. V, we discuss the signatures of this competition in thermodynamic observables of a nano-size grain and the mesoscopic fluctuations of these observables [20, 21] . We conclude in Sec. VI.
II. THE UNIVERSAL HAMILTONIAN
In the absence of spin-orbit scattering and orbital magnetic field, the universal Hamiltonian for a fixed number of electrons has the form [15, 16] 
are the pair creation and annihilation operators, andŜ is the total spin of the electrons in the grain. The singleparticle energies ǫ i follow the statistics of the Gaussian orthogonal ensemble (GOE) of RMT [11] . When the particle number N is not fixed (e.g., in the presence of a varying gate voltage), an additional charging energy term e 2N 2 /2C (where C is the capacitance of the grain) must be included in (1) . The randomness of the single-particle eigenstates |i induce fluctuations in the electron-electron interaction matrix elements v ij;kl , and the latter form an induced two-body ensemble [22] . The universal terms in (1) follow from the average part of this induced random interaction. This can be derived from the requirement that the average interaction v ij;kl be invariant under a change of the single-particle basis (the GOE, which describes the one-body part of the Hamiltonian, is invariant under an orthogonal transformation of the single-particle basis). There are three orthogonal invariants: δ ik δ jl , δ ij δ kl and δ il δ jk . We then have
where v 0 , G and J s are constants. When expressed in its second-quantized form, this average interaction leads to the interaction terms of the universal Hamiltonian (1) (where we have omitted the charging energy term related to v 0 ). The fluctuating part of the interaction is suppressed by 1/g Th [15, 16] and can be ignored in the limit g Th ≫ 1. In practical calculations, the computational effort can be reduced by truncating the band width of the singleparticle space. The pairing coupling constant G is then renormalized according to [23, 24] 
where N sp is the number of single-particle orbitals. The exchange coupling constant J s /δ (expressed in units of the mean level spacing), is a material-dependent parameter. Its values for different elements were tabulated in Ref. [25] .
A. Solution to the universal Hamiltonian
The universal Hamiltonian is an integrable model, which can be solved by generalizing Richardson's solution of the pairing problem [26, 27] to include the exchange interaction [17, 28, 29] . Below we discuss this solution and the quantum numbers used to classify the many-body eigenstates.
We decompose the set of single-particle orbitals into a set B of singly occupied orbitals and the complementary set U of empty and doubly occupied orbitals. The pairing interaction scatters only time-reversed pairs of electrons from doubly occupied orbitals to empty orbitals. We can thus solve a reduced BCS-like Hamiltonian within the set UĤ
We denote the eignestates of (5) by |ζ U . The singly occupied orbitals in B are not affected by pair scattering and are referred to as "blocked" orbitals. They thus form a set of good quantum numbers, and we can solve for a reduced spin exchange Hamiltonian within the set B
The eigenstates of (6) are found by coupling the spins 1/2 of the electrons in the set B to total spin S and spin projection S z . We denote the corresponding eigenstates by |γSS z B , where γ are quantum number used to distinguish between states with the same S and S z [28, 29] . The orbitals in U have spin zero and do not contribute to the total spin. The Hamiltonians in (5) and (6) commute, and the eigenstates of the universal Hamiltonian (1) are a direct product |ζ U ⊗ |γSS z B with energies
The eigenstates of the reduced BCS model (5) can be found by using Richardson's solution [26, 27] . A solution with m pairs is expressed in terms of m Richardson parameters R µ that satisfy the following m coupled nonlinear equations (µ = 1, . . . m)
The eigenenergy of the reduced BCS-like Hamiltonian (5) is the sum of these parameters
and the corresponding eigenstate can be written as
In the limit G → 0, different configurations of doubly occupied orbitals are not mixed, and for any Richardson parameter R µ there is a doubly occupied orbital k such that R µ → 2ǫ k . There is a one-to-one correspondence between this non-interacting solution and a solution for a finite pairing coupling constant G. Thus the quantum numbers ζ of a pairing solution can be chosen to be the set of doubly occupied orbitals in the corresponding noninteracting solution. In fact, the values of R µ can be found numerically by evolving the initial non-interacting values as a function of increasing G. For a given set B with b = N − 2m blocked orbitals, the number of different eigenstates |γSS z B is 2 b . Their energies
are independent of γ. The number of such states with given S and S z is [28] 
III. GROUND-STATE SPIN
In this section we present results for the ground-state spin of the universal Hamiltonian (1) as a function of the pairing gap ∆/δ and exchange interaction strength J s /δ (both measured in units of δ). We find the lowest energy E(S) for a given spin S using the method discussed in Sec. II A and then minimize E(S) with respect to S. The ground-state spin of the grain is determined by the competition between various terms in the universal Hamiltonian. The one-body part (kinetic energy plus one-body confining potential) and the pairing interaction favor minimal spin, while the exchange interaction favors a maximally polarized state. A. Equidistant single-particle spectrum
Results for a generic equidistant single-particle spectrum with level spacing δ are shown in Fig. 1 . We find three different phases: a superconducting phase where the number of pairs is maximal, a ferromagnetic phase where the system is fully polarized with S = N/2, and an intermediate regime where exchange and pairing correlations coexist. The coexistence regime describes a partially polarized state, in which 2S electrons reside in singly occupied levels closest to the Fermi energy and the remaining electrons are paired to give spin zero [17, 18] . The existence of pairing correlations in this intermediate regime is reflected in the shift of the spin transition lines to higher values of the exchange interaction strength as the pairing gap ∆/δ is increased. Fig. 1 demonstrates the stepwise increase of the ground-state spin from its minimal value S = 0 (even grain) or 1/2 (odd grain) to its maximal value of S = N/2 as we increase the exchange coupling constant J s /δ at fixed ∆/δ.
In the absence of pairing correlations (i.e., ∆ = 0) and for an equidistant single-particle spectrum, the transition from spin S to spin S + 1 occurs for an exchange coupling of J s /δ = (2S + 1)/(2S + 2). This stepwise increase is known as the mesoscopic Stoner staircase [15] and is shown in Fig. 2 . An interesting qualitative change in the presence of pairing correlations is the possibility of a spin jump (i.e., ∆S > 1) for the first step. All subsequent steps have ∆S = 1. For ∆/δ < 0.6, the first step corresponds to ∆S = 1. However, for 0.6 < ∆/δ < 0.8, the ground-state spin changes from S = 0 to S = 2 in one step for a value of the exchange coupling in the range 0.87 < J s /δ < 0.9. The height of the first step gets larger with increasing ∆/δ. For example, in Fig. 2 the spin increases from S = 0 to S = 3 in the first step at ∆/δ = 1 and then continues to increase by one unit at a time. Ground-state spin versus the exchange coupling Js/δ for an even grain with an equally spaced single-particle spectrum at ∆/δ = 0, 1, 2. As ∆/δ increases, the staircase function gets more compressed and pushed to higher values of Js/δ. It also exhibits spin jumps, e.g., ∆S = 3 for ∆/δ = 1.
B. Mesoscopic fluctuations
The randomness of the single-particle part of the universal Hamiltonian leads to mesoscopic fluctuations of the ground-state spin. Features of the resulting groundstate spin distribution P S were studied in Ref. [30] . Fig. 3 shows the ground-state spin distribution for several values of the parameters ∆/δ and J s /δ. In the absence of interactions, the ground-state spin will always be minimal because of the cost to promote an electron out of the Fermi level to the next unoccupied level (to form a larger spin state). This energy cost undergoes mesoscopic fluctuations (because of the GOE nature of the single-particle spectrum), and at finite exchange interaction can sometimes be compensated by the gain in exchange energy (as the spin increases). Grains with single-particle levels close to the Fermi energy can acquire a non-minimal ground-state spin. However, in grains with no levels sufficiently close to the Fermi energy, the gain in exchange energy cannot compensate the cost to promote electrons to higher levels, and the ground-state spin remains minimal. As a result the spin distribution P S acquires a nonzero variance. This variance increases with the exchange coupling constant because higher ground-state spin values become more probable. The pairing interaction counteracts this behavior and favors smaller values for the ground-state spin, i.e., it suppresses the probability for large spin values. This can be clearly seen when comparing the left (∆/δ = 0) and right (∆/δ = 0.25) columns in Fig. 3 . Similar results for the mesoscopic ground-state spin distribution were found in Ref. [30] .
A particularly interesting signature of the mesoscopic interplay of ferromagnetism and superconductivity in chaotic metallic grains is shown in Fig. 4 . In this figure we show the spin distribution at a relatively large exchange interaction strength J s /δ = 0.9 (close to the Stoner instability) and a moderate pairing strength ∆/δ = 1. This case is within the coexistence regime in the ground-state phase diagram for an equidistant spectrum (see Fig. 1 ) and in the vicinity of a large spin jump. We observe in Fig. 4 that the even-grain spin distribution has a local maximum at S = 3 (besides the maximum at S = 0) and a dip at S = 1. Approximately 43% of the grains have spin S = 0 and 5% have spin S = 1, but 9% have spin S = 3. Thus the probability for certain spin values is anomalously suppressed. We interpret such a dip in the ground-state spin distribution as a mesocopic signature of spin jumps. Such a dip has a width of about ∆S ∼ 1 and occurs only at values of the exchange interaction strength that are close to the Stoner instability.
IV. TRANSPORT THROUGH A WEAKLY COUPLED GRAIN
In this section we investigate the signatures of the coexistence of superconductivity and ferromagnetism in experimentally measurable quantities, i.e., the tunneling conductance of a grain that is coupled to external leads. We assume weak coupling between the grain and the leads and consider the sequential tunneling regime, where δ and the thermal energy associated with temperature T are much larger than a typical tunneling width Γ, i.e, δ, T ≫ Γ (here and in the following we set the Boltzmann constant k B = 1). In this regime the coherence between the leads and the grain can be ignored, and the conductance can be calculated using a rate equation approach [31, 32] . The input in this approach are the many-particle energies and wave functions of the universal Hamiltonian, and here we obtain them using an exact diagonalization method. When the charging energy is much larger than the thermal energy, i.e., e 2 /C ≫ T , the conductance displays a series of sharp peaks as a function of gate voltage. This is the so-called Coulomb blockade regime (for reviews see, e.g., Refs. [14, 16] ). We studied the statistics of these conductance peaks in the quantum regime at a typical experimental temperature of T ∼ 0.1 δ. For each realization of the one-body Hamiltonian, we calculated the five lowest many-particle eigenstates of the Hamiltonian (1) using the Lanczos method for a bandwidth of N sp = 17 single-particle levels and up to N = 19 electrons. For each tunneling event, the maximal value of the linear conductance as a function of gate voltage is found numerically. We used ∼ 4000 samples to collect sufficiently good statistics.
A. Conductance peak spacings
When the total energy of a grain is approximated by the classical charging energy e 2 N 2 /2C, the Coulomb blockade peaks are equally spaced with a spacing of e 2 /C. The actual spacing fluctuates and is given by e 2 /C + ∆ 2 , where ∆ 2 incorporates the effects of the discrete singleparticle spectrum and interactions beyond the classical charging energy. The quantity ∆ 2 is known as the peak spacing and below we discuss its statistics.
The distributions of ∆ 2 are shown in Fig. 5 for various values of ∆/δ and J s /δ. For ∆ = J s = 0 and low temperatures T ≪ δ, the peak spacing distribution is bimodal because of a number-parity effect caused by the spin degeneracy of the single-particle levels. The exchange interaction suppresses this bimodality [33, 34] since it leads to fluctuating spin polarization as discussed in Sec. III B. At J s /δ = 0.6, the bimodality is completely washed out.
The most significant effect of pairing correlations on the peak-spacing distribution is to restore this bimodality. For an exchange coupling of J s /δ = 0.6, bimodality starts to reappear for ∆/δ = 0.5. At even stronger pairing ∆/δ = 1, the peak spacing distribution is well separated into two components. The left part describes the sequence of even-odd-even (EOE) tunneling events, while the right part corresponds to odd-even-odd (OEO) transitions. For ∆/δ ≥ 1 the ground-state spin of an even (odd) grain is almost always S = 0 (S = 1/2), and [14] . Reproduced from Ref. [19] .
mesoscopic fluctuations of the spin can be ignored. Increasing the exchange coupling constant merely shifts the two components of the distribution closer together. The separation of the peak-spacing distribution into two parts in the presence of pairing correlations can be understood qualitatively using a fixed-S BCS mean-field approximation [1] . In an EOE sequence, the first peak in the conductance corresponds to the blocking of an additional single-particle level and the second peak to the removal of this blocked level by creating an additional Cooper pair. In an OEO sequence, these two events are reversed, leading to a separation of the peak spacings by about δ∆ 2 ≈ 4∆ − 3J s (assuming ∆ ≫ δ, J s ) [19] . The contribution of the exchange energy is 3J s since in this regime of strong pairing correlations the ground-state spin is almost always S = 0 (S = 1/2) for the even (odd) grain.
B. Conductance peak heights
Distributions of conductance peak heights g max are shown in Fig. 6 . For ∆ = J s = 0 and very low temperatures T ≪ δ, the peak height distribution follows from the Porter-Thomas distribution of eigenvector components of a random matrix and is known analytically [35] . The exchange interaction increases the number of states contributing to the conductance by bringing down higher spin states. This results in a narrower peak height distribution.
The mean valueḡ max and the standard deviation (relative to the mean) σ(g max )/ḡ max of the peak height g max are shown in Fig. 7 . For small pairing strengths both quantities are strongly suppressed by the exchange in- Since gmax fluctuates over several orders of magnitude, we use ln(gmax/ḡmax) whereḡmax is the average conductance peak height. Reproduced from Ref. [19] .
teraction. This suppression was observed in semiconductor quantum dots, where the Cooper pairing channel can be ignored and a closed solution for the conductance is available [28] . There, the finite-temperature suppression of the probability of small conductance peak heights induced by exchange correlations led to a good agreement between theory and experiment at low temperatures [28, 36] . The effect of pairing correlations on the excitation spectrum of the grain is to induce a gap that pushes states with large spins to higher energies. Thus, we observe that for J s /δ = 0.6 the probability of small conductance peak heights and the standard deviation of the peak height distribution increase with ∆/δ up to ∆/δ ∼ 1. In particular, if the pairing interaction is sufficiently strong to destroy all spin polarization, i.e., at ∆/δ = 1.0, the peak height distribution becomes independent of the exchange interaction strength J s /δ (see Fig. 6 ).
We define a mesoscopic coexistence regime of superconductivity and ferromagnetism by the simultaneous occurrence of a bimodality in the peak spacing distribution (a signature of pairing correlations) and the suppression of peak height fluctuations (a signature of ferromagnetic correlations). In Figs. 5, 6 and 7 we observe such a mesoscopic coexistence case for ∆/δ = 0.5 and J s /δ = 0.6 at a typical experimental temperature of T = 0.1 δ. Interestingly, for an equidistant spectrum this grain still belongs to the superconducting regime (see Fig. 1 ). We conclude that mesoscopic fluctuations enlarge the parameter regime for which coexistence of pairing and exchange correlations can be measured. A good material for observing the coexistence regime is platinum, which is known to be superconducting in granular form [37] and has a relatively large exchange interaction strength of J s /δ ∼ 0.59 − 0.72 [25] .
V. THERMODYNAMICS
Here we discuss signatures of the interplay between superconductivity and ferromagnetism in thermodynamic observables of the grain.
Effects of pairing correlations on the heat capacity and spin susceptibility of ultra-small metallic grains have been studied theoretically using a number of methods [7-10, 24, 38-40] . Thermodynamic observables of small metallic clusters were studied experimentally in Ref. [41] . Signatures of pairing correlations in the bulk limit ∆/δ ≫ 1 are well described by the grand-canonical BCS theory. These signatures are the exponential suppression of both the heat capacity and spin susceptibility at low temperatures because of the gap in the density of states, and a sharp peak in the heat capacity near the critical temperature T c , which is a signature of a second-order phase transition (see the BCS results in Fig. 8) .
In a small isolated grain, the fluctuations of the pairing gap and the dependence of observables on the parity of particle number (i.e., odd-even effects) become important [7-10, 24, 39, 40] . An example is shown in Fig. 8 , where the heat capacity (top row) and spin susceptibility (bottom row) for the pairing model with an equally spaced single-particle spectrum are shown versus temperature for ∆/δ = 0.5 (left column) and ∆/δ = 3.0 (right column). The results for even (odd) grains are shown by solid (dashed) lines, while the grand-canonical BCS results are shown by the dash-dotted lines (for ∆/δ = 3.0). Finite-size effects result in smoothing of the sharp peak in the even-grain heat capacity and its gradual transformation into a shoulder as ∆/δ decreases. This shoulder disappears when ∆/δ < 1, but the heat capacity continues to be enhanced for an even grain (as compared with an odd grain) at intermediate temperatures. The unpaired electron in the odd grain leads to a Curie-like divergence of the spin susceptibility at low temperatures (χ ∼ 1/T ). The combination of this divergence and the suppression of χ due to pairing correlations produces a re-entrant behavior (i.e., a local minimum) of the oddgrain spin susceptibility as a function of temperature [7] . This signature of pairing correlations exists even in the fluctuation-dominated regime ∆/δ 1.
Exchange correlations affect the thermodynamic observables shown in Fig. 8 . Signatures of the competition between exchange and pairing correlations in thermodynamic observables were studied in Refs. [20] and [21] . The case of an equally spaced single-particle spectrum was studied in [20] using a quantum Monte-Carlo method, while the general case of a fluctuating RMT single-particle spectrum was considered in [21] using a semi-analytical method. The latter method is accurate and efficient, making it useful for studying the mesoscopic fluctuations of thermodynamic observables. It uses a spin projection technique [28, 42] to treat exactly the exchange interaction in (1) , and a functional integral approach to treat approximately the pairing part of (1). The odd-even effect is reproduced by a number-parity projection. A similar approach was used in Ref. [10] to study odd-even effects in thermodynamic observables for a pure pairing Hamiltonian (i.e., in the absence of an exchange interaction).
Below we discuss this semi-analytic method and present the main results for the heat capacity and spin susceptibility of the grain [21] .
A. Spin and number-parity projections
The grand-canonical trace of an operator can be written as a sum of diagonal matrix elements of the operator over a complete set of quantum numbers λ 1 , λ 2 , . . .. We define Tr λ to be a trace that is restricted to the particular values of a subset λ of this complete set (while all other quantum numbers are summed over). An important example is when λ is the spin S of the grain. For an operatorX we can write TrX = S Tr SX when Tr S denotes a trace over all states with fixed total spin S. The following identity allows us to express the trace of a scalar operatorX at fixed spin S in terms of the traces at fixed values of the spin componentŜ z Tr SX = (2S + 1) Tr Sz=SX − Tr Sz=S+1X . (12) A similar identity applies to canonical traces at fixed particle number N and spin S.
Using the identity (12), we can write the canonical partition function Z N (J s ) of the universal Hamiltonian (1) in the form
where β = 1/T and
is the S z -projected canonical partition function of the BCS-like Hamiltonian
A similar expression can be written for the spin susceptibility (µ B is the Bohr magneton)
The heat capacity can be calculated from the partition function by taking numerical derivatives with respect to temperature. Thus the calculation of the heat capacity and spin susceptibility of a metallic grain described by (1) reduces to the calculation of the S z -projected partition function (14) .
The trace at fixed S z can be calculated using a discrete Fourier transform for the S z projection operator
Here S max is the maximal possible value of the spin, and φ m = 2πm/(2S max + 1) are quadrature points. The canonical projection on a fixed particle number can be done using a similar Fourier transform, but it leads to cumbersome expressions in the framework of the path integral formalism described below. Important odd-even effects can be described by the simpler number-parity projection [43] [44] [45] 
where η = 1 (η = −1) corresponds to even (odd) number of particles. The canonical partition function for N particles at fixed η and S z is then evaluated by the saddlepoint approximation of the particle-number projection integral
Here
is the grand-canonical partition function at fixed values of η and S z .
B. Auxiliary-field path-integral formalism
Here we present only the relevant definitions of the functional-integral formalism and summarize the results of the calculation of Z N,η,Sz . For more details see Ref. [21] .
We first discuss the evaluation of the grand-canonical partition function Z η,Sz in (20) . Using the HubbardStratonovich (HS) transformation [46, 47] , this partition function can be written as a functional integral over a complex auxiliary field ∆(τ ):
(21) Herê
describes a non-interacting Hamiltonian in an external time-dependent pairing field∆(τ ) (0 ≤ τ ≤ β) and T denotes time ordering. The saddle-point approximation to this integral (without the number-parity and S z projections) gives the BCS theory. The auxiliary field ∆(τ ) can be separated into its static and time-dependent parts by expanding in a Fourier series
where ω r = 2πr/β (r integer) are the bosonic Matsubara frequencies. In the static-path approximation (SPA) [38, 48, 49] , we ignore the time dependance of ∆ (i.e., we take ∆ r = 0 for all r = 0) and carry out the integral over the static field ∆ 0 exactly. In this approximation
where Z η,Sz (∆ 0 ) = Tr η,Sz e −βĤ∆ 0 is a static partition function. Using the explicit expressions (17) and (18) for the projection operators, and working in a ∆ 0 -dependent quasiparticle basis that diagonalizesĤ ∆0 , we find [21] 
where
The SPA can be improved by carrying out the integration over ∆ r (with r = 0) in the saddle-point approximation for each value of ∆ 0 . This leads to the random-phase approximation (RPA) correction to the SPA [44, [50] [51] [52] [53] [54] [55] . This correction amounts to multiplying Z η,Sz (∆ 0 ) in (24) by the factor
Here ±Ω i are the eigenvalues of the 2N sp × 2N sp RPA matrix (N sp is the number of single-particle orbitals)
and
Next we discuss the approximate evaluation of the canonical partition function Z N,η,Sz in (19) . Substituting the HS transformation (21) for Z η,Sz in the integrand of (19) and exchanging the order of integrations, we evaluate the integral over µ in a saddle-point approximation for each fixed value of ∆ 0 . This saddle-point integration is applied to the grand-canonical static free energy
The remaining ratio
is treated as a pre-factor that does not enter in the saddlepoint integration. We find
(33) The saddle-point equation for µ has the usual form of the particle-number equation
but its solution µ = µ(∆ 0 ) depends on the value of the static field.
We have shown that this number-parity projected SPA+RPA method is quite accurate by comparing it with exact results. The latter were calculated from the many-body eigenvalues of (1) using Richardson's solution generalized to include the exchange interaction (see Sec. II A). In Fig. 9 we show the heat capacity (top panel) and spin susceptibility (bottom panel) for a grain with equally spaced single-particle spectrum and with ∆/δ = 1, J s /δ = 0.5. The exact results (lines) are compared with the SPA results (open symbols) and the SPA+RPA results (solid symbols) for both even and odd grains. These results demonstrate (i) the importance of the RPA correction, and (ii) the good accuracy of the SPA+RPA calculations. We note that Richardson's solution is not practical at high temperatures since the number of required eigenvalues increases exponentially. The deviation of the exact results from the SPA+RPA results at the higher temperatures in Fig. 9 is because the exact many-body eigenvalues were calculated only below a cutoff of ∼ 30 δ.
The SPA+RPA method is not applicable below a certain critical temperature, when the gaussian integration over one of the fluctuations ∆ r diverges for at least one value of ∆ 0 , making the RPA correction unstable. It was recently proposed [56] that this problem can be overcome by treating non-perturbatively a low-energy collective mode. At low temperatures, one can also use the exact solution (the number of eigenvalues required to calculate thermal observables at sufficiently low temperatures is not large).
C. Heat capacity
The main results for the heat capacity C as a function of temperature are shown in Fig. 10 for several values of ∆/δ and J s /δ. The symbols with vertical bars are, respectively, the average values C and standard deviations δC calculated for an ensemble of 1000 realizations of single-particle GOE spectra in (1) . The lines are the results for an equally spaced single-particle spectrum (obtained from the exact solution at low temperatures and from the SPA+RPA at higher temperatures). The number of single-particle levels N sp in the model space was odd and varied between 31 and 61 (depending on temperature) and the particle number was either N sp − 1 or N sp (depending on its parity). The interplay between odd-even effects and mesoscopic fluctuations is further demonstrated in Fig. 11 . The sum δC even + δC odd of the standard deviations for the even and odd grains is shown by dash-dotted lines, while the difference C even − C odd between the average values for the even and odd grains is shown by solid lines. Both figures 10 and 11 show that the exchange interaction shifts the odd-even effect to lower temperatures. In addition, when ∆ δ, the exchange suppresses the odd-even effect. However, when ∆ > δ, the exchange suppresses only the right side of the even-grain shoulder and therefore transforms this shoulder into a peak. Overall, the effect of exchange is less prominent when ∆ > δ; higher values of J s /δ are required to produce a visible change, and those changes occur mostly at higher temperatures. These results are consistent with the phase diagram discussed in Sec. III. The dependence of a thermodynamic observable on J s /δ arises through the dependence of the many-particle energies on J s /δ, which is determined by the total spin S of the states. A typical excitation energy of a state with non-ground-state spin increases with ∆/δ and thus the change in the relative weight of such a state decreases with increasing ∆/δ. At larger values of ∆/δ, this relative change becomes appreciable only at higher temperatures, resulting in the suppression of the right side of the even-grain shoulder but in a much weaker dependence on J s /δ of its left side.
Another interesting question is whether the odd-even effect in the heat capacity can be resolved despite the mesoscopic fluctuations in experiments in which the number parity of electrons in the grain is unknown. The condition for resolving the odd-even effect in such experiments is that C even −C odd be larger than δC even +δC odd , namely, when the solid line in Fig. 11 is above the dash-dotted line. We observe that in larger grains with ∆/δ > 1, there is always a substantial temperature interval in which this condition is satisfied. In the crossover regime ∆/δ ∼ 1, the odd-even effect starts to be washed out by mesoscopic fluctuations for a moderate strength of the exchange interaction. In the smaller grains with ∆/δ = 0.5, the observability of the odd-even effect is marginal already in the absence of exchange interaction. 
D. Spin susceptibility
The results for the spin susceptibility χ are shown in Figs. 12 and 13 for the same ensemble of Hamiltonians used for the heat capacity. In both figures, χ is normalized by the J s -dependent high-temperature limit of its average value χ Js = χ P /(1 − J s /δ) [57, 58] , where χ P = 2µ 2 B /δ is the Pauli susceptibility. Our notation follows the same convention as in Figs. 10 and 11 , except that the solid lines in Fig. 13 correspond to the odd-even difference of spin susceptibilities (rather than the evenodd difference taken for the heat capacity).
As with the heat capacity, the exchange interaction can shift odd-even effect in the spin susceptibility to lower temperatures. When ∆/δ 1, the exchange can completely suppress the re-entrant behavior of the odd-grain average spin susceptibility. However, when ∆/δ > 1, the re-entrant behavior is enhanced by the exchange interaction. This effect is similar to the suppression of the right side of the even-grain shoulder in the heat capacity, but it is more prominent for the spin susceptibility, whose high-temperature value is strongly affected by exchange correlations.
In general, exchange correlations enhance the mesoscopic fluctuations of χ. These fluctuations become particularly strong (as J s /δ increases) in the fluctuationsdominated regime, even when χ is measured in the units of the already enhanced average value χ Js . These strong fluctuations of χ in the smaller grains are explained by 
VI. CONCLUSIONS
We have discussed various signatures of the interplay between superconducting and ferromagnetic correlations in nano-scale metallic grains. In particular, we have considered chaotic grains with a large dimensionless Thouless conductance, which are well described by the universal Hamiltonian. The non-interacting part of this Hamiltonian is fluctuating and is modeled by randommatrix theory, while the coupling constants of its interaction part do not fluctuate. For a fixed particle number, this universal interaction consists of pairing and exchange terms describing interactions in the Cooper and spin channels, respectively. The single-particle part of the Hamiltonian and the pairing term favor minimization of the total spin and lead to superconductivity in the bulk, while the spin exchange term tends to polarize the grain and leads to ferromagnetism when the exchange coupling constant exceeds the Stoner instability threshold. We have identified signatures of the competition between pairing and exchange correlations in the following observables: (i) the ground-state spin of the grain; (ii) the mesoscopic fluctuations of the conductance of a grain that is weakly coupled to leads, and (iii) thermodynamic observables such as the heat capacity and spin susceptibility. We summarize these signatures as follows.
(i)Ground-state spin. The ground-state phase diagram of the grain exhibits a coexistence regime in which the electrons in the grain are partly paired and partly polarized. The ground-state spin at fixed ∆/δ is a monotonic stepwise function of J s /δ. The values of J s /δ at which such steps occur increase with ∆/δ. When ∆/δ is sufficiently large, the change ∆S of the ground-state spin in the first step can be larger than 1 (this is known as a spin jump).
The mesoscopic fluctuations of the ground-state spin acquire a finite variance in the presence of exchange correlations, and they are suppressed by the competing pairing correlations. When both the exchange and pairing interactions are sufficiently strong (∆/δ ∼ 1 and J s /δ ∼ 0.9), the ground-state spin distribution has a local minimum, which is a signature of spin jumps.
(ii)Linear conductance. In the absence of pairing and exchange correlations, the distribution of the Coulombblockade conductance peak spacings is expected to be bimodal (because the single-particle energy levels are spin degenerate). In semiconductor quantum dots (in which the pairing interaction is repulsive and its effects can be ignored), this bimodality is suppressed by the exchange interaction. However, the competing attractive pairing correlations in metallic grains can restore the bimodality of the conductance peak spacing distribution.
The number of many-particle energy levels that participate in the low-temperature conductance increases in the presence of exchange correlations since levels with higher spin values shift down in energy. This leads to the suppression of the peak height fluctuations. In contrast, pairing correlations reduce the number of low-lying levels (because of the pairing gap) and thus tend to enhance the peak height fluctuations.
There is a regime in the parameter space ∆/δ − J s /δ in which the peak spacing distribution exhibits the signature of pairing correlations (i.e., it is bimodal), while the peak height fluctuations show the signature of exchange correlations (i.e., they are suppressed). This is a mesoscopic coexistence regime of pairing and exchange correlations.
(iii) Thermodynamics. Pairing correlations lead to a number-parity effect in the heat capacity and in the spin susceptibility of the grain. This effect is shifted to lower temperatures in the presence of exchange correlations. In the fluctuation-dominated regime ∆/δ 1, the oddeven effect is suppressed by exchange correlations. However, for ∆/δ > 1, certain signatures of pairing correlations, such as a peak in the heat capacity for an even grain and a local minimum in the spin susceptibility of an odd grain, are enhanced by exchange correlations. This is explained by the stronger dependence of thermodynamic observables on the exchange coupling strength at higher temperatures and the much weaker dependence at low temperatures. Mesoscopic fluctuations of thermodynamic observables can wash out the odd-even effects for sufficiently small ∆/δ or large J s /δ. The fluctuations of the spin susceptibility are more sensitive to exchange correlations in the fluctuations-dominated regime and become particularly large as J s /δ approaches the Stoner instability.
